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We establish existence of exponential moments and the valid- 
O ' ity of the afSne transform formula for afhne jump-diffusions with a 

Cj \ general closed convex state space. This extends known results for 

afhne jump-diffusions with a canonical state space. The key step is 
to prove the martingale property of an exponential local martingale, 
using the well-posedness of the associated martingale problem. By 
analytic extension we obtain the affine transform formula for com- 
^^ ' plex exponentials, in particular for the characteristic function. Our 

n , , results apply to a wide class of affine processes, including those with 

a matrix-valued state space, which have recently gained interest in 
the literature. 
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1. Introduction. Affine jump-diffusions, as introduced in [9, 10], are 
widely used in finance, due to their flexibility and mathematical tractability. 
Their main attraction lies in the so-called affine transform formula 



(N 
> 

Q^ ■ (1.1) Exexp{u^Xt) =exp{'iljo{t,u) + 'ilj{t,u)^x), u eCP,Xo = x, 

o ■ 

which relates exponential moments of the affine jump-diffusion X to solu- 

ly-C , tions {ipo,i/j) to certain ordinary differential equations, called generalized 

^P I Riccati equations. The importance of this formula is particularly elucidated 

in option and bond pricing. For example, the affine transform formula yields 

a closed form expression for the zero-coupon bond price in an affine term 

structure model, see [9, 10]. Moreover, taking u purely imaginary in (1.1) 

/\^ • gives the characteristic function of Xt, which is of vital importance for cal- 

^ . culating more general prices by using Fourier methods, e.g. those of [2]. 

The validity of the affine transform formula is not straightforward in 
general. In the literature most results in this respect are proved for affine 
jump-diffusions living on the state space M™ x RP"™, see [8, 12, 13, 19, 22] 
amongst others. This state space, often called the canonical state space, was 
introduced in [6] and has traditionally been the standard choice in finan- 
cial applications. Currently though, there is a growing number of papers 
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2 P. SPREIJ AND E. VEERMAN 

devoted to matrix- valued affine processes living on S^, the cone of positive 
semi-definite matrices, or on variations of it, like S^ x M, see for instance 
[4, 5, 14, 15, 23]. Moreover, in an accompanying paper [24] we provide further 
examples of afhne diffusions with a "non-canonical" state space, e.g. those 
with a quadratic state space, indicating that this class is rather rich. This 
feeds the demand to obtain results for the validity of (1.1) for more general 
state spaces than IR!^ x M^"™, which is the scope of the present paper. 

We highlight that one of our aims is to establish for arbitrary state spaces 
the affine transform formula for the characteristic function, a crucial feature 
for the application of afhne processes in mathematical finance as pointed out 
in the first paragraph. To our knowledge, this important property has only 
been derived for affine processes living on a canonical state space, see [8, 12]. 
The complicated factor is that the so-called admissibility conditions that are 
required for stochastic invariance and for existence and uniqueness of the 
affine process, are much more involved for a non-canonical than for a canon- 
ical state space, due to the curvedness of the boundary. As a consequence, 
it is much harder for general state spaces to control the solutions of the Ric- 
cati equations by means of these admissibility conditions. We circumvent 
this difficulty by relying on probabilistic methods instead. 

The contents and set-up of the paper are as follows. First we derive a 
general result in Section 2 on the martingale property of a stochastic ex- 
ponential, building on results in [3]. Next we apply this in Section 3 to the 
stochastic exponential of affine jump-diffusions in order to obtain sufficient 
conditions on ip such that (1.1) holds, irrespective of the underlying state 
space. This is our first main result and extends the result in [19], which is 
limited to the canonical state space. 

Our second main result concerns the full range of validity of (1.1) for affine 
jump-diffusions with an arbitrary closed convex state space, under some mo- 
ment conditions on the jump-measure. We show existence of solutions to the 
Riccati equations under finiteness of exponential moments and establish the 
affine transform formula (1.1) whenever either side of (1.1) is well-defined, 
both for real and complex u. This generalizes a recent result by [12], which 
concerns affine diffusions on the canonical state space M™ x M^"™ under 
absence of jumps. 

The proof of the second main result is distributed over two sections. In 
Section 4 we establish the full range of validity for real-valued exponentials, 
while in Section 5 we extend this to complex ones. For the latter we use 
the analyticity of both the characteristic function and the solutions to the 
Riccati equations. A complicating matter is that an affine jump-diffusion 
with a general state space is in general not infinite divisible, as opposed to 
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those with a canonical state space. Hence, a priori it is not excluded that 
the left-hand side of (1.1) vanishes for certain complex u, which would yield 
an explosion of ip. We tackle this problem by using properties of analytic 
functions. 

In Section 6 we relax the moment conditions on the jump- measure and 
establish the validity of (a slight variation of) (1.1) in the case the left- 
hand side is uniformly bounded in x and t, which includes the characteristic 
function. This yields our third main result and it enables us to obtain suffi- 
cient conditions for infinite divisibility in Subsection 6.1 as well as proving 
additional results for the case that the state space is a self-dual cone in 
Subsection 6.2. 

Finally, some technical results used throughout the text are put in the 
appendix, in order to keep a fluid presentation. 

2. Preliminary result on exponential martingales. In this section 
we obtain sufficient conditions for the martingale property of a stochastic 
exponential. This is the key-ingredient in obtaining our results concerning 
the affine transform formula for affine jump-diffusions in the next sections. 
We use the framework of [3] with some slight modifications and derive a 
corollary of its main result, [3, Theorem 2.4], in Theorem 2.6. 

Let £■ C M^ be a closed set and £'a = E U {A} the one-point compacti- 
fication of E. Every measurable function / on i? is extended to E/^ by set- 
ting /(A) = 0. Throughout this section, Q denotes a subset of De^[0,oo), 
the space of cadlag functions u : [0,oo) — > E^. Unless mentioned other- 
wise, Q is equipped with the cr-algebra T^ = a{Xs ■ s > 0) and filtration 
T^ := a{Xs '■ < s < t), generated by the coordinate process X given by 
Xt{uj) =uj{t). 

Let us be given measurable functions b : E ^ MP, c : E ^ S^ (space of 
positive semi-definite (p x p)-matrices) and a transition kernel K from E to 
F C W\{0} such that E + F C E. Assume that 

(2.1) 6(-),c(-) and / (|zp A |2;|)di^(-,dz) are bounded on compacta of E', 
and 

(2.2) / Izl^Kl^x, dz) < (7(1 + |x|'), for some C, g > 0, all x e E. 

J{\z\>l} 

Write V/ for the gradient of / (as a row vector) and V^/ for the Hessian. 



Then 
(2.3) 
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Af{x) = Vf{x)b{x) + itr {V^f(x)c{x)) 

+ I {fix + z)- fix) - Vfix)z)Kix, dz) 



defines a linear operator A : C^(-E) — )• BiE), see Lemma A.l in tlie ap- 
pendix. Here, C^iE) denotes tlie space of C°°-functions on E witli compact 
support and BiE) tlie space of bounded measurable functions on E. 

Definition 2.1. A probability measure F on (i7, F^) is called a solution 
of the martingale problem for A if 

(2.4) Ml = fiXt) - fiXo) - [ AfiXs)ds 

Jo 

is a P-martingale with respect to iJ~i^) for all / G C^iE). If in addition A is 
a probability measure on E such that PoXq" = A, then we say P is a solution 
of the martingale problem for {A, A) and we often write P = Pa. li X = 6x, 
the Dirac-measure at x for some x € E, then we write P^ instead. Likewise, 
E^ denotes the expectation with respect to P^ and E^ the expectation with 
respect to P^,.. We call the martingale problem for A well-posed if for all 
X ^ E there exists a unique solution P^; on (L'^jp, oo), J-" ) of the martingale 
problem for {A, 6x ) ■ 

Remark 2.2. 1. In case ^ = De[0,oo), then it holds that F is a so- 
lution of the martingale problem for A on (J7, J^ ) if and only if X is a 
special jump-diffusion on ($7,7^ , (J-'j'^),P) with differential characteristics 
ibiX),ciX),KiX,dz)), by [16, Theorem II.2.42] and a modification of [3, 
Proposition 3.2]. In that case, X can be decomposed according to its char- 
acteristics by 

(2.5) X = Xo + B + X'' + z*ifi^ -ly^), 

where Bt = /q 6(Xs)ds, /U is the random measure associated to the jumps 
of X, ly-^idtjdz) = KiXt,dz)dt its compensator and X'^ is the continuous 
local martingale part of X with quadratic variation {X^)t = /q c(Xs)ds. 

2. If the martingale problem for A is well-posed, then i¥x)xGE is a tran- 
sition kernel and for all probability measures A on ii^ it holds that P^ = 
jFxXidx) is the unique solution of the martingale problem for (^, A). In 
addition, the strong Markov property holds, i.e. 

EA(/(^t+r)|7f ) = ExJiXt), PA-a.s. 
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for all integrable f,t>0 and a.s. finite (J-'/'^)-stopping times r. See the 
appendix for the proof of this assertion. 

3. If for some xq £ E,¥isa solution of the martingale problem for (A, J^o ) i 
then Af{xo) = lim4o(E/(Xi) - f{xo))/t, for / G C^{E). This follows by 
taking expectations in (2.4) and applying Fubini, which is justified since Af 
is bounded. 

In addition to b, c and K, let us be given a measurable function b : E ^IRP 
and a transition kernel K from E to F. Assume that 

(2.6) 6(-),c(-) are continuous, {\z\ A |2;|)i^(-, dz) is weakly continuous, 
and 

(2.7) / |z|^ log \z\K{x, dz) < C(l + \x\'^), some C,q>0, all x e E. 



Afix) = Vf{x)b{x) + itr {V^f{x)c{x)) 

+ f{f{x + z)- fix) - Vf{x)z)k{x, dz) 



Then 
(2.8) 



defines a linear operator A : C^{E) — )• Cq{E), where Co{E) denotes the 
space of continuous functions on E vanishing at infinity, see Lemma A.l. 
Here, weak continuity means that x i— )• J/(z)([zp A \z\)K{x,dz) is con- 
tinuous for all / G Cb(F), the space of bounded continuous functions on 
F. As in [3], we assume there exist measurable mappings h : E —^ M.P, 
w : E X F —^ {—1, oo) such that b and K are related to b and K by 



b{x) = b{x) + c{x)h{x) + / zw{x, z)K{x, dz) 

K{x,dz) = {w{x,z) + l)K{x,dz). 

Our aim is to show the martingale property of a stochastic exponential 
with the aid of [3, Theorem 2.4], under the assumption that the martin- 
gale problem for A is well-posed. This requires the existence of a solution 
of the martingale problem for A on {De[0,oo),J-), which is part of the 
assumptions in [3, Theorem 2.4]. In our case though, we are able to derive 
the existence by invoking [11, Theorem 4.5.4], as the range of .A is contained 
in Cq{E), due to the additional continuity conditions (2.6). Note that these 
conditions are similar as those in [25, Theorem 2.2], where existence is de- 
rived for the case E = MJ'. 
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The next lemma will be used to obtain the maximum principle for A in 
the ensuing proposition, where we establish the existence of a solution of 
the martingale problem for A. 

Lemma 2.3. Let xq ^ E and suppose the martingale problem for {A, 6xq) 
has a solution P on {Q, T ) with il = De[^, oo)- Suppose f G C^{E) attains 
its maximum at xq. Then it holds that 

1. Vf{xo)c{xo) = 0, 

2. J 'Vf{xQ)zK{xo,dz) is well-defined and finite, 

3. V/(xo)5(xo) - / Vf{xo)zK{xo, dz) + ^tr (V^f{xo)c{xo)) < 0. 

Proof. By Remark 2.2 part 1, X is a jump-diffusion on ($7, J'"^,7'^^,P) 
with differential characteristics {b{X),c{X),K{X,dz)). Let A G R^ and e > 
be arbitrary, define h{x) = Al{^=^o} and w{x,z) = (e - l)l{x=xo}n{\z\>e} 
and write Ht = h{Xt), W{t,z) = w{Xt, z) and 

Z = H ■X + W*{fj,^ -u^). 

For r > it holds that £{Z) = £{Z ) is a uniformly integrable martingale 
by [21, Theorem IV. 3], since 

i(Z'=)T + {{W + 1) log{W + 1)-W)*iy^ 

= / (iA^c(xo)A+ / {eloge-e + l)K{xo,dz)))l^Xs=xo}<is 

Jo J{\z\>£} 

has finite expectation as it is bounded. By Girsanov's Theorem [18, Propo- 
sition 4], Q = £{Z)t • P is a probability measure on T equivalent to P 
and X is a special jump-diffusion on [0, T] with differential characteristics 
(^{Xt),c{Xt),k{XtAz)) under Q given by 



b{x) = b{x) + c{x)h{x) + / zw{x, z)K{x, dz) 

K{x,dz) = {w{x,z) + l)K{x,dz). 

Therefore, [16, Theorem II. 2. 42] yields that Q is a solution of the martingale 
problem for {A, 6xo) on {Q, J^^) with time restricted to [0, T], with the linear 
operator A : C^iE) -^ B{E) defined by 

Af{x) = Vf{x)b{x) + itr {V^f{x)c{x)) 

+ f{f{x + z)- fix) - Vf{x)z)k{x, dz) 



Af{x) + Vf{x)c{x)h{x) + / (/(x + z)- f{x))w{x, z)K{x, dz). 
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Hence Af{xo) equals 
(2.10) 



Afixo) + V/(xo)c(xo)A + / (/(xo + z)- f{xo)){e - l)K{xo,dz). 

J{\z\>s} 

Since / attains its maximum at xq, Remark 2.2 part 3 yields that AJ^xq) < 
0. Therefore, (2.10) is non-positive for all A G M'' and e > 0. This yields that 
V/(xo)c(xo) = 0, which is the first assertion. It follows that 

(2.11) Afixo) + f (/(xo + z)- /(xo))(e - l)K{xo, dz) < 0, 

J{\z\>e} 

for all e > 0. Letting e J, in (2.11) and applying the Monotone Convergence 
Theorem gives 



Afixo) - J (/(xo + z)- f{xo))K{xo,dz) < 0. 
The left-hand side equals 

V/(xo)6(xo) - I Vf{xo)zK{xo, dz) + ifr {V^f{xo)c{xo)), 
which yields the second and third assertion. D 

Proposition 2.4. Suppose for all x £ E there exists a solution of the 
martingale problem for (A, 6x) on {De[0, cx)),T^). Then for all x £ E there 
exists a solution of the martingale problem for {A,6x) on ft given by 

(2.12) 

Q = {uj £ De^[0, oo) : ifuj{t-) = A or uj{t) = A then uj{s) = A for s > t}. 

Proof. We check the conditions of [11, Theorem 4.5.4]. Let / G C^{E) 
attain its maximum at some point xq € E. By Lemma 2.3, we can write 
Af{xo) as the sum of two non-positive terms, namely 

V/(xo)6(xo) - / Vf{xo)zK{xo, dz) + kr {V^f{xo)c{xo)) 



2' 

and 



/ 



(/(xo + z) - f{xo)){w{xo, z) + l)K{xo,dz). 



Hence Af{xQ) < 0. This yields that A satisfies the (positive) maximum 
principle. Since A : C^{E) -^ Cq{E) and C^{E) is dense in Co{E), [11, 
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Theorem 4.5.4] yields for all x & E the existence of a solution F^ of the 
martingale problem for {A,6x) on {De^[0,oo),J-^). In order to obtain a 
solution on ri, we define the stopping time 

(2.13) Ta = inf{t > : Xf_ = A or Xt = A}, 

and write X' = X'^^ . Then X'{uj) € 9. for aU uj G De^[Q, oo) and for ah 
/ E C^{E) it holds that (recaU Af{/X) = 0) 

/(X;) - f{X'^) - / ^/(X^)ds = f{xj^) - f{X^^) - / Af{Xs)ds 

Jo Jo 

where M-' is given by (2.4) with A replaced by A. Since M' is a right- 
continuous Pa;-martingale on (J-t^) for / € C^{E), (M^)'^^ is a martingale 
on (J^/*- ). Hence P^; o (X')^'^ is a solution of the martingale problem for 
{A, 5x) on [Q, T^ ) for all a; G £', as we needed to show. D 

Proposition 2.5. Let xq a E and suppose there exists a solution P 
of the martingale problem for {A,6xq) on {^,J^^) with Jl given by (2.12). 
Assume the growth condition 

(2.14) 

|6(x)p + jc(x)|+ I \zfK{x,dz) < C(l + Ixp), some C > 0, allxeW. 

Then it holds that ¥{X € De[0, oo)) = 1. 

Proof. By the remark preceding [3, Proposition 3.2], a transition to A 
can only occur by explosion. Define stopping times 

r„ = inf{t > : \Xt-\ > n or \Xt\ >n} An. 

By [3, Proposition 3.2], X"^" is a special semimartingale with differential 
characteristics (6(X'^")1[o^t„]> c(X'^")l[o.T„],-f^(-'^^",dz)l[o_T„])- Lemma A. 2 
yields 

E sup \Xt\ < C{T) < oo, 

i<TAT„ 

for all T > 0, with C{T) a positive constant that does not depend on n. 
Letting n — )• oo we get 

E sup \Xt\ < oo, 

t<TAT/^ 

for all r > 0, where Ta is given by (2.13). Hence Ta > T almost surely for 
all T. This proves the assertion. D 
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Having derived the existence of a solution of the martingale problem for 
A from the existence of a solution for A, we are now ready to prove the mar- 
tingale property of a stochastic exponential by the use of [3, Theorem 2.4]. 

Theorem 2.6. Suppose (2.14) holds and 
(2.15) 

. ^ H.)-ci.)H.) and X ^ /(.(., .) - log(.(., .) + l))Ki., d.) 

are bounded on compacta. 

Let O = De[0,oo), write Ht = h{Xt), W{t,z) = w{Xt,z) and suppose P 
is a solution of the martingale problem for A on {Q,J-^), which yields the 
decomposition (2.5) for X. If the martingale problem for A is well-posed, 
then 

L = 8{H -X^ + W^i^^ - v^)) 

is an {{T^),F) -martingale and the martingale problem for A is well-posed. 

Proof. First assume P = P^; is a solution of the martingale problem for 
{A,6x) for some x ^ E. By Proposition 2.4 and 2.5, there exists a solution 
Qa; of the martingale problem for {A,5x) on {Q.,T ). We can apply [3, 
Theorem 2.4] with the roles of (^, P) and (^, Q) reversed. Indeed, in the 
notation of [3] we have (j)i = —h, (j)2 = 0, 03 = l/(w; + 1) and these functions 
satisfy the criterion mentioned in [3, Remark 2.5] by the assumptions. This 
yields P^ I x-jf ~ Qx I t^ for all i > and the existence of a positive Q^- 
martingale D such that 

Fx\tx = Dt ■ QxItx for all t > 0. 

By Remark 2.2 part 1, X is a special semimartingale on (il, J-" , (J"i^),Qx) 
with decomposition 

X = Xo + B + X' + z*{fi^ -V^), 

where Bt = Jq 6(Xs)ds, ^-^{dt^dz) = K{Xt,dz)dt and X'^ the continuous 
local martingale part with quadratic variation {X'^)t = L c{Xs)ds. A close 
inspection of the proof of [3, Theorem 2.4] reveals that 

D = siMx) ■ x^ + (MX, z)-l)* (/.^ - 17^)). 

Applying the product rule for stochastic exponentials one verifies that 

D-^ = £{-MX) -X^ + il- MX,z))/MX,z) * (/i^ - z.^)). 
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SO that D-^ = £{H ■X^ + W*{ix^ - v^)) = L. Since 
Q^l^x = D^^ ■ P^l^x , for all t > 0, 

it follows that L is a P2;-iiiai'tingale as well as the martingale problem for A 
on Q is well-posed. 

Now assume P = P^^ is a solution of the martingale problem for (A, rj) 
with 7] an arbitrary probability measure on E. By Remark 2.2 part 2, Q;^ = 
/Qa;A(dx) is the (unique) solution of the martingale problem for {A^rj) on 
Jl. Hence we can repeat the above argument with P^ and Q^ replaced by P^ 
and Qjj to see that L is a P.^-martingale. D 

3. AfRne jump-diffusions and afRne processes. 

3.1. Definitions. We start with the definition of affine jump-diffusions 
and affine processes. The former are defined from the point of view of semi- 
martingale theory as being jump-diffusions with affine differential character- 
istics. The latter are characterized from the point of view of Markov process 
theory as having an exponentially affine expression for their characteristic 
functions. As in the previous section we restrict ourselves to special semi- 
martingales. 

Definition 3.1. The martingale problem for A given by (2.3) is called 
an affine martingale problem if 6, c and K are affine in the sense that 

p 
h{x) = a° + Y^ a^Xi 

i=l 

p 
(3.1) c{x)=A^ + Y,A'xi 

4 = 1 

P 

K{x, dz) = K^{dz) + Y^ K\dz)xi, 
i=l 

for some column vectors a* G M^, symmetric matrices A^ G RP^p and (signed) 
measures K^ on F satisfying /(|zp A |z|)|i^*|(d2;) < oo. If the affine martin- 
gale problem is well-posed and P is a solution, then the coordinate process 
X is called an affine jump- diffusion on {Q,J^-^,{J^^),¥) with state space 
E. 

Definition 3.2. If the coordinate process A on Jl = De[0,oo) is a 
Markov process with state space E and transition kernel {fx)xeE such that 
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for all u € iM^, t > we have 

(3.2) Exexp{u Xt) = ex.p{il)Q{t,u) + il){t,u) x), for all x € £', 

for some Vo : [0, oo) x iM^ ^ C and ^ : [0, oo) x iM^ -^ 0> , then (X, {^x)x&e) 
is called an affine process. Note that ipo{t,u) may be altered by multiples 
of 2it[. If in addition ipQ and ^ are continuously differentiable in their first 
argument, it is called a regular affine process. In that case we put V'o(0, u) = 
0, so that ipo and ip are uniquely determined by (3.2). 

For existence of an affine jump-diffusion, restrictions need to be imposed 
on the state space E and the parameters (a*, ^4*, K^)o<i<p in order that c(x) 
is a positive semi-definite matrix and K(x, dz) is a non-negative measure 
for X € E, while in addition E is stochastic invariant for X (that is, X does 
not leave the set E). These parameter conditions are called admissibility 
conditions and the corresponding parameter set (a*, j4*,ir*)o<i<p is called 
admissible. 

Possible state spaces amongst others are the canonical state space M™ x 
j^p-m^ the cone of positive semi-definite matrices S^ and quadratic state 
spaces including the parabolic state space {x £ MP : xi > X]?=2^?} ^^^ ^^^ 
Lorentz cone {x G W : xi > 0,x^ > Ylf=2^'i}^ ^^^ respectively [4, 8, 24] for 
the existence and uniqueness of the associated affine jump-diffusion. We note 
that the matrix- valued affine jump-diffusions are contained in the framework 
of Definition 3.1 as we can identify symmetric matrices with vectors using 
the half-vectorization operator vech : S^ -^ ]Kp(p+i)/2 (^^j^e linear operator 
that stacks the elements from the upper triangle of a symmetric matrix into 
a vector). 

Equivalence of affine jump-diffusions and affine processes has only been 
proved for the canonical state space MJ^ x M^"™ in [8] with the use of the 
admissibility conditions. For other state spaces this appears much harder 
as the admissibility conditions become more involved, while for arbitrary 
state space one has no access at all to these conditions. One of the aims in 
this paper is to establish the equivalence between affine jump-diffusions and 
(regular) affine processes with an arbitrary state space under well-posedness 
of the martingale problem for A. One direction is relatively easy and has 
been proved for the diffusion case in [12, Theorem 2.2]. The next proposition 
also incorporates jumps. The converse direction is much harder to establish 
and will be proved with the least restrictions in Section 6 in Theorem 6.2. 

Proposition 3.3. Let E CW be closed with non-empty interior, E = 
E° and suppose the martingale problem for A is well-posed. Let ¥ be a so- 
lution of the martingale problem for A on 0, and F^ for {A,5x), x G E. If 



12 P. SPREIJ AND E. VEERMAN 

(X, {fx)xeE) is a regular affine process, then X is an affine jump- diffusion 
on {Q,T-^ , {Tf^),F) with state space E, say with differential characteristics 
{b{X),c{X),K{X, dz)) given by (3.1). Moreover, for all u £ iW it holds that 
{ipo{-,u),ip{-,u)) characterized by (3.2) and ■(/'o(0, n) = 0, solves the system 
of generalized Riccati equations 

(3.3) 'tpi = Riiip), ipi{0) = Ui, i = 0,...,p, 
with 

(3.4) R,{y) = y'^a' + ^^A^y + |(e^"^ - 1 - y'^z)K\dz), 

where we write uq = 0. 

Proof. Fix T > and u E iW. By the Markov property, it holds P- 
almost surely that 

Ee^piu'^XrlTf) = Ex, exp(n^XT_t) 

= exp(V'o(T - t,u) + ij{T - t,uyXt) =: f{t,Xt), 

for all t <T. For convenience in the next display we write ip and ip instead 
of ijj{T — t, u) and ip{T — t, u). By Remark 2.2 part 1, X is a special jump- 
diffusion and admits the decomposition (2.5). Ito's formula gives 

(3.5) 

M!i^ = (-v^o - i^''Xt)dt + ^i^'^dXt + l^'^c{Xt)^pdt 

J{'t,^t-) 

+ / (e^^^ - 1 - V^z)^^ (dt, dz) 

= ij'^dXf+ [ (e'^^^-l)(^^-z.^)(dt,dz) + /(t,Xi)dt, 
JzeF 

with 

I{t, x) = -ipQ - tp'^x + V^6(x) + iV^c(2;)V' + [{e^^' - 1 - ij'^z)K{x, dz), 

and all expression are well-defined as / is bounded, see [16, Theorem II. 2. 42]. 
Since f{t,Xt) is a P-martingale, it follows that J^ I{s,Xs)ds = 0, P-a.s. 
Right-continuity of I{t,Xt) yields that I{t,Xt) = for all t > 0, P-a.s. 
In particular 1(0, Xq) = 0, P-a.s. Choosing P = P^; for x a E, we obtain 
/(O, x) = for ah x e E, i.e. 

7po{T, u) + ij{T, u)^x = 7P{T, u)'^b{x) + ^^{T, u)^c{x)ij(T, u) 
+ /'(e'^(^'")^^ - 1 - ^p{T, u)^z)K{x, dz). 
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This holds for all T > 0, n € iM^. In particular it holds for T = 0. We have 
ip{0, u) = u for u € W. Write u = \y for y £ M^, then we get 

V^o(0, iy) + '(/'(O, iy)^x = iy'^b{x) - y^ c{x)y + {e'y^ ' - 1 - iy~^ z)K{x, dz), 

for all y ^W. Differentiating the left- and right-hand side with respect to yi 
in yj = and putting yk = for k ^ i gives that 6j(x) is afhne for all i < p. 
Dividing the left- and right-hand side by yiyj for i,j < p, putting yk = 
for k ^ i,j and letting yi — >■ oo, yj -^ oo, we deduce that Cjj(x) is afiine. 
Hence c{x) is afhne and also /(e'^ ^ — 1 — iy^ z)K{x,dz) is affine in x for 
all y € M^. To show that K{x, dz) is afhne in x, we fix /c € -E° arbitrary and 
take e > such that 

{x eW : ki <Xi < ki+e for all i} C E. 

Define 

p 
i^°(dz) = K{k, dz) - ^iK{k + eei,dz) - K{k, dz))ki/e 

K\dz) = {K{k + ee^,dz) - K{k, dz))/e, for i = 1, . . . ,p. 

Then it follows that 

/(e"^^ - 1 - u^z)K{x, dz) = /(e"^^ - 1 - u^z){K^{dz) + ^ K'{dz)x^), 

i=l 

for all u € iM^, x ^ E, since the left-hand side is affine and is uniquely 
determined by the values at x = A; and x = k + eci, i = 1, . . . ,p. Equality of 
the left- and right-hand side at these points follows from the identity 



j=i j=i 



K^{dz) + Y, K\dz)xi = K{k, dz){l + ^ik, - x,)/e) 

i=l 
P 

+ Y^K{k + eei,dz){xi - ki)/e. 



i=l 



Note that the right-hand side is a non- negative measure for x & B^, where 
Bk is given by 

Bk ■■= {x eW : ki <Xi <ki + e/p for ah i}. 

By uniqueness of the Levy triplet (see [16, Lemma IL2.44]), this yields that 
K{x,dz) = K^{dz) + Yl\=i^''i'^'^)^i fo^ ^ ^ ^k- Since k & E° is chosen 
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arbitrarily, we have an afiine expression for K{x,dz) on a neighborhood of 
each X ^ E° . From this it follows that K{x,6.z) is afiine on the whole of 
E = E°. Hence X is an afiine jump-diffusion. Let the differential charac- 
teristics {b{X),c{X),K{X,dz)) be given by (3.1). Plugging these into (3.6) 
and separating first order terms in x gives (3.3). D 

3.2. The affine transform formula. The expression (3.2) where {tpo,^p) 
solve the system of Riccati equations (3.3), is called the affine transform 
formula. In the previous subsection we obtained this formula for the char- 
acteristic function of an affine process, with a general state space. This sub- 
section is devoted to the validity of the affine transform formula for affine 
jump- diffusions with a general state space, for arbitrary parameters u € C^. 
The key step is the following proposition which is a direct application of 
Theorem 2.6. 

Proposition 3.4. Suppose the affine martingale problem for A given 
by (2.3) and (3.1) is well-posed. Leth: E ^W and w : E x F ^ {-l,oo) 
be measurable, write Ht = h(Xt), W{t, z) = w{Xt, z) and let V be a solution 
of the martingale problem for A on il, which yields the decomposition (2.5) 
for X . Then 

L = £{H ■X^ + W*{f^^ - ly^)) 

is an {{F^^),¥) -martingale under the additional assumptions 

1. h is bounded and continuous, 

2. X >-^ J \z\w{x, z)\K'^\{dz) is continuous and finite 

5. X i-7> /d-z]^ A \z\){w{x, z) -\- l)\K'^\{dz) is continuous and finite, 

4. f \z\'^{w{x, z) + l)\K'\{dz)\xi\ < Cil + lxl"^), for some C >0, allxeE, 

5. X i-T- J{w{x,z) — log{w{x,z) + l))|i^*|(d2;) is bounded on compacta, 

6. j\z\i\og\z\{w{x,z) + l)\K%dz)\xi\ < C(l + \x\'i), for some C > 0, 
g > 0, all X ^ E, 

for alii = 0,...,p, where we write xq := 1. Furthermore, the martingale 
problem for A given by (2.8) and (2.9) is well-posed. 

Proof. This is a reformulation of Theorem 2.6 for the affine martingale 
problem. One has to check conditions (2.1), (2.2), (2.6), (2.7), (2.14) and 
(2.15), which is left to the reader. D 

Using the above proposition we validate the affine transform formula un- 
der existence of the solutions to the Riccati equations in the following the- 
orem, which is the first main result of the paper. The imposed assumptions 
are in the same spirit as [19, Theorem 5.1]. 
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Theorem 3.5. Let X be an affine jump- diffusion with differential char- 
acteristics {b{X),c{X),K{X,dz)) givenby (3.1) on{DE{0,oo],J='^,{Tt^),F). 
Let u eW, T > and suppose V-o G Ci([0,r],R) and tp € C^{[0,T],RP) 
solve the system of generalized Riccati equations given by (3.3) (with uq := 
0). Under the assumptions 

1. supi<r / |z|2e^W^^|i^^|(dz) < oo, /or i = 0, ... ,p, 

2. t ^-^ /ilz|>i> kle'^^*^ ^|i^*|(dz) is continuous for all i = 0, . . . ,p, 

3. Eexp(V'(r)"rXo) < oo, 

it holds that 

E(exp(u^XT)|7't+) = exp(^o(2' - t) + i){T - t^Xt), for all t < T. 

Proof. To prove Theorem 3.5 it suffices to show that f{t,Xt) given by 
f{t,Xt) = exp(V'o(r-t)+V(T-t)'^Xi is an ((J'4-^),P)-martingale on [0,r], 
since f{T,XT) = exp(u^Xj') in view of the initial condition of {tl^o^ijj). We 
restrict time to [0, T]. We have (3.5) with L{t,Xt) = 0, since (V'O)V') satisfy 
(3.3). Hence Mt := f{t,Xt) satisfies 

M = Mo £{i;{T - t) ■ X^ + {e'f'^T-tVz _ ^^ ^ ^^x _ ^x^y 

Write Y = {Xt,t) and note Y is an affine jump-diffusion with state space 
Sx[0,r]. We define /i(x,t) = 'ip{T-t) and w{x,t,z) = e'^C^"*)^^ - 1. Write 
H = h{Y), W{t, z) = w{Yt, z), then we deduce that 

L:=£{H-Y' + W*{fi^ -u^)) 

is an ((J-'^),P)-martingale by applying Proposition 3.4 to the affine jump- 
diffusion Y. One easily verifies that the assumptions in that proposition are 
met. Since Mt = MoLt and EMq < oo, it follows that M is an {{T^),W)- 
martingale on [0, T], as we needed to show. D 

Theorem 3.7 below is our second main result. We establish the full-range 
of validity of the affine transform formula under all finite exponential mo- 
ments for the tails of the jump- measures K^, for affine jump-diffusion with 
a general closed convex state space, extending [12, Theorem 3.3]. The proof 
is divided over the next two sections. We use the results and notation from 
[12, Lemma 2.3 and Lemma A. 2], which we state as a proposition for ease 
of reference. 
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Proposition 3.6. Suppose 

(3.7) / e^'^^\K%dz)<oo, for allkeW,i = Q,...,p. 

J{\z\>l} 

Let "K he a placeholder for either M or C. It holds that 

(i) For all u E 'E? there exists an "explosion-time" t^{u) > such that 
there exists a unique solution {'ipo{-,u),ip{-,u)) : [O,too('u)) ^ K x K^ 
to the system of Riccati equations (3.3), where either too(u) = oo or 
limil-j^(u) ||^(t, n)|[ = oo. In particular too(O) = oo. 
(a) The set 

Dk ■■= {{t,u) G [0,oo) X KP : t < t^{u)}, 

is open in [0, oo) x W and the ipi are analytic on D^. In addition, for 
allt>0 

DK{t) ■.= {u£CP: (t,n) £ Dk} 

is an open neighborhood of and D^(t2) C D^iti) for < ti < t2- 
(Hi) If O C W is an open set and v is a hounded measure such that we 
have /exp(u^x)dz^(x) < oo for all u £ O, then u i-^ /exp(n^x)dz^(x) 
is analytic on the open strip 

S{0) := {z G C^ : 5ftz G O}. 

Theorem 3.7. Suppose E C MP is closed convex with non-empty inte- 
rior and let X be an affine jump- diffusion on {De{0, oo], J- , {J-^),¥) with 
differential characteristics {b{X),c{X),K{X,dz)) given by (3.1). Assume 
(3.1) and let the notation of Proposition 3.6 he in force. Then for t > it 
holds that 

(i) D^{t) = M{t), where 

M{t) = {u£W : E^(exp(n'^Xt)) < oo for all x G E}. 

(ii) S{Duit))cDcit). 

(Hi) The affine transform formula (3.2) holds for all u G S{D^{t)). 

(iv) D^{t) and D^ are convex sets, 

(v) M{t) C M{s) forO<s<t. 

Proof. Theorem 3.5 yields Du{t) C M{t). The proof of D^it) D M{t) 
is the content of Section 4, while Section 5 is devoted to the proof of (ii) and 
(iii). Assertions (iv) and (v) follow from (i). D 
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4. Full range of validity for real exponentials. Let T > 0. In order 
to prove M{T) C Z)ir(T), we show that il^iT^u) explodes when u G Dk(T) 
approaches the boundary d{D^(T)). This is not immediate as the following 
example demonstrates. 

Example 4.1. Consider the Riccati equation x = x'^. Its solution x 
with initial condition u € C is given by x{t,u) = u/{l — ut) and we have 
ioo(^) = u~^ for u € M>o and too(^) = oo otherwise. Hence Dc{T) = {n G 
C : ti [r^^,oo)} and dDc{T) = [T^^,oo). Obviously x{T,u) does not 
explode if n € D^iT) tends to uq € (T^^, oo). If we take real and imaginary 
part, then we obtain a 2-dimensional system of Riccati equations given by 

. 2 2 

X\ — X^ Xo 

X2 = 2X1 X2. 

In this case D^{T) = {n G M^ : n ^ [T^^,(X))} and again x{t,u) does 
not explode if li G D^{T) tends to uq € (r^-^,oo). Note that the Riccati 
equations are of the form (3.3) (excluding the equation for -^o) with 

However, they are not related to an affine diffusion where the state space 
has non-empty interior. Indeed, the corresponding diffusion matrix would 
be 

^Xi X2 



c(x) 

\X2 — Xl 

which is positive semi-definite if and only if x = 0. 



In Lemma 4.2 below we derive a formula that relates solutions to Riccati 
equations to the expectation of the corresponding affine diffusion. This will 
turn out to be most useful in Proposition 4.4 to derive that M{T) C D^{T), 
which proves Theorem 3.7 (i). 

Proposition 4.2. Consider the situation of Theorem 3.1. Define the 
non-negative function k : E xM^ ^^M by 



(4.1) k{x, y) = ly^c{x)y + ^ (e^' ^ - 1 - y^z)K{x, dz), 

for X € E and y G W . Then for all x G E , u G W, t < too(^) it holds that 

(4.2) Vo(t, u) + V'(t, u)'^x = u^E^Xt + I k{E^Xt_s,i^{s, n))ds, 
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and ExXt solves the linear ODE 

(4.3) x = b{x), x(0) = x. 

Proof. Fix u (^MP and write ^(•) instead of 'ip{-,u). We can write the 
ODE for ("00, V') ^-s an inhomogeneous linear ODE, namely 



:^4:")--— ^::- 



where we write a for the {p x p)-matrix with columns a*, i = 1, . . . ,p and 
5 = (ffo, 51 , • • • , ffp) is the function given by 



By an application of a variation of constants, the solution can be written as 



{t^-^"(:>b'"-'^^'^"^ 



which yields 



(4.4) 



Mt).m^^-{^;i:D^{i 



(0 .^)e^^*Q+P(.)-^e^^(-^)Qd.. 



z{t)J ' \xj \f{t,x)J ' 



y\ _ /iT fy\ _ [ 



Write /(t, x) for the solution to the linear ODE (4.3) with /(O, x) = x. Then 
we have 

'y{t)\ ._ .AT* (i\ _[ 1 



Indeed, since 



zj \zj \a y + az 

it holds that y = 1 and ^ = 02 + 0*^ = 6(z) with z(0) = x, whence z{t) 
f{t,x). Noting that 

g^ (j= \il^'^ c{x)il) + /(e^^^ - 1 - V^z)i^(x,dz), for aU x G E, 
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and FixXf G E for all x ^ E, t > 0, by convexity of E, we obtain (4.2) 
from (4.4) after we have shown that E^jXj = f{t,x). The latter fohows from 
Lemma A. 2, as it yields 

E^Xt = x + Ex / (a° + aXs)ds = / (a° + aE^X^)ds. 
Jo Jo 



D 



In the following we make use of the fact that for c„ G M^ it holds that 
(4.5) lim ||c„|| = cxo =^ 3x G {— l,l}^,e > : limsup inf c„y = cxo. 



n— >oo 



n— >oo 



yeB(x,e) 



Indeed, if lim„_^oo \\cn\\ = oo, then there exists a subsequence c^j, such that 

all components c„j,^j are convergent in [—00,00]. In addition, one of them 

converges to either +00 or —00. Define x G M^ by taking Xj = — 1 if Cn^,i -^ 

—00 and Xi = 1 otherwise. Then obviously for y G B{x,e) with < e < 1 

we have 

inf c„ 7/ — )• 00, as /c — )• 00. 
yeB{x,e) 

Lemma 4.3. Consider the situation of Theorem 3.7. Let u €MP and sup- 
pose T := too{u) < oo. Then there exists x ^ E such that E^^ exp(n'''X7^) = 

oo. 

Proof. Without loss of generality we may assume that {—1,1}^ C E° 
(thus by convexity also G E°). Since |[^(t,n)|| — )• oo for t^T and in view 
of (4.5), there exists a bah B := B{xo,e) C E (with xq G {-1, 1}^ C E° , 
e > 0) and a sequence tn'l T such that 

inf il>{tn,u) 2/ — 7> oo as n ^ oo. 

y&B 

Moreover, it holds that tpo^tju) > u Eq^Xi) for t < T by Proposition 4.2. 
In particular we have liminfti-'p'i/'o(^)''^) > — oo. Hence 

lim inf (V'o(in, u) + il){tn,u)^ y) = oo. 

n— i>oo j/giJ 

By right-continuity of X, it follows that 

lim (V'o(tn,u) + il^{tn-,uY Xx-t^) = oo, Pa;o-a.s. 
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The Markov property and Theorem 3.5 give 

E^ exp(u^XT) = E^ [Exr-t exp{vJXt)] = E^; exp{ipo{t, u) + ip{t, u)^ Xr-t), 

for < t < T, X G i?. Applying the previous together with Fatou's Lemma 
we get 

Ea;„exp(u Xy) = hminf Ej^, expfu Xt) 

n^oo 

= hminfE^ exp (Violin, ^i) + ^{tn^uY Xr-t^) 

rn-oo 

> Ea; nminfexp(-i/;o(i„,n) + %l){tn,uY Xx-t^) = oo. 

n— >oo 

D 

Proposition 4.4. Consider the situation of Theorem 3.7. Let T > 0. 
Then M{T) = Du{T) and (3.2) holds for u e M{T), t < T. 

Proof. In view of Theorem 3.5 it is sufficient to prove M{T) C D^{T). 
Without loss of generality we may assume that {—1, 1}^ C E° . Let u G M^ 
and suppose ioo(^) < oo. We need to show that for all T > too{u) there 
exists X £ E such that E^; exp(t( Xt) = oo. Lemma 4.3 gives the result for 
T = too{u). Therefore, let T > too(^)- Arguing by contradiction, assume 
E^: ex.p{u Xt) < oo for all x G E. Then by Jensen's inequality we have 

(4.6) E^. exp(An'^XT) < (E^ exp(u^XT))^ < 1 + E^. exp{u^ Xt) < oo, 

for aU < A < 1, X G £;. Let A* = inf{A > : Xu ^ Dc{T)}. Note that 
< A* < 1 and X*u Dc{T), since u Dc{T) and Dc{T) is an open 
neighborhood of 0. Considering A*n instead of n, we may assume without 
loss of generality that A* = 1. In the following, we let Un = A„u, for arbitrary 
A„ G [0, 1) such that A„ t 1 as n ^^ oo, so that Un G Dc{T) and Un -^ u. We 
divide the proof into a couple of steps. 

Step 1. If for some t <T and x G -E we have 

(4.7) lim (V'o(*, Un) + i^{t, Un)'^x) = oo, 

n— >cxD 

then limsup„^oo ||V'(t, ttn)|| = cxo. To prove this, suppose (4.7) holds for 
some t <T, but limsup„_j.oo ||^(t,n„)|| < oo. Then liinn^ootpo{t,Un) = oo 
and (4.7) holds for all x. Since Un G Dc{T) C Dc{t), the Markov property 
and Theorem 3.5 give 



Er, exp(u^XT) = E^ [ExT-t exp{u^Xt) 

= E^ exp{^po{t, u„) + ■0(t, UnY Xt-i) 
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Fatou's Lemma yields 

oo = Ea;liminfexp(V'o(i,'Un) + ilj{t,Un)^ Xr^t) 

n— >oo 

< limmfEi:exp(V'o(t,'«n) + iij{t,Un)~^ Xx-t) = liminf Ea;exp(ti^XT), 

n— >oo n— ^oo 

which contradicts (4.6) as n„ = XnU with < A^ < 1- 
Step 2. It holds that 

(4.8) limsup||^(too('u),^tn)|| = oo. 

n—^oo 

Indeed, since Un S Dc{T) C -De (^oo ("")), Fatou's Lemma together with 
Theorem 3.5 gives 

Ea;exp(u^Xt^(„)) < liminf E^exp(u^Xj^(„)) 

= liminfexp(V'o(ioo('u),^in) + V'(*oo('u),n„)^x), 

n— >oo 

for all X ^ E. \tl view of Lemma 4.3 there exists an xq € ii^ such that we 
have Ej^Q exp(n^Xj^(u)) = oo, whence 

ipoitooiu),Un) + V'(*oo('u),nn)^xo -^ OO, as n ^^ OO. 

Step 1 yields (4.8). 

S'tep 3. It holds that limsup„_^oo ||^(T, n„)|| = oo. To prove this, we 
show that there exists e > such that if limsup„_^;^ ||V'(io;^n)|| = oo 
for some to £ [^00(^^)1^], then limsup„_j.oo |[^(ti,n„)|| = 00 for ti = T A 
(to + s)- By Step 2 and an iteration of the above implication, it follows that 
limsup„^oo \\i'iT,Un)\\ = 00. 

Write f{t,x) for the solution to the linear ODE (4.3) with /(O, x) = x. 
By continuity of / and the assumption {—1,1}^ C E°, there exists e > 
such that f{-t,x) G E for ah x € {-1, 1}^, < t < e. Let to S [tooiu),T] 
and ti = T A (to + e). Suppose limsup^^o^ llV'(^0)'Un)l! = 00. Then in view 
of (4.5), there exist x G {—1, 1}^ and a subsequence of Un (also denoted by 
Un) such that 

lim ip{to,Un) X = 00. 

n— j-oo 

As in the proof of Lemma 4.3 we have liminf„_!.oo V'o(*0)'Un) > —00. Hence 

(4.9) lim (V'o(to, Un) + ij{to,Un)'^x) = 00. 

n— >oo 

Since to — ti > — e, we have y := /(to — ti,x) G E and by the semi-group 
property of the flow it holds that 

EyXt^^s = fih - s,f{to -ti,x)) = /(to - s,x) =E^Xto-s, for s < to- 
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Let k be the non- negative function given by (4.1). It follows from Proposi- 
tion 4.2 that 

iJo{tl,Un)+'ll^{tl,Un)^y = ulEyXt-,+ / k{EyXt^^s,'4'{s,Un))ds 

JO 
rto 



/■to 
>ulEyXt^+ k{EyXt^_s,i'is,Un))ds 
Jo 
(•to 
= u^EyXt-^+ k{E^Xtf,^s,tp{s,Un))ds 
Jo 

= uliEyXt^ - E^Xto) + lpo{to,Un) + lp{to,Un)~^X, 

which tends to infinity as n — )• oo. Step 1 yields lim sup^^g^ II V'(^i ) ""n) |j = c». 

Step 4- We are now able to conclude the proof. By Step 3 and (4.9) with 

to = T, there is an x G {—1, 1}^ and a subsequence of Un (also denoted by 

Un) such that 

lim {'lpo{T,Un) +ij{T,Un)~^x) = CX). 
n— )-oo 

From (4.6) and Theorem 3.5 we obtain 

1 + Ea; exp(n^Xr) > E^ exp{u^XT) = exp('0o(7', u^) + ip{T, n„)'^x), 

for all n. The right-hand side tends to infinity, whence E^; exp(u Xf) = oo, 
contrary to the assumption. D 

5. Extending the validity to complex exponentials. To show that 
S(M{T)) C Dc{T) we need continuity of x i-> E^^ exp(u^Xr). We prove 
this first in the next lemma, together with some additional results needed 
in Section 6. 

Lemma 5.1. LetX be an a ffine jump- diffusion on {De{0, oo], J- -^ , {J-^^),¥) 
with differential characteristics {h{X),c{X),K[X,dz)) given by (3.1). As- 
sume 

(5.1) / \z\^\K'\{dz) < oo, for alli = 0,... ,p. 

and let u £ C^ be such that sup^^^^u x < oo. Suppose there exists func- 
tions ^0 : [0,r) ^ C, ip : [0,r) h^ CP such that ^o(i) y^ for t < T 
and 

E^ exp(u^Xt) = ^o(t) exp{ip{tyx) for allx e E, t< T. 

Then there exists a function ijjq such that ^o(^) = exp('0o(i)) o-nd (V'Oj'^) 
solve the system of generalized Riccati equations (3.3) on [0, T). Moreover, 
X ^^Ex exp(tt^Xj') is continuous on E. 
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Proof. Recall that X is a transition kernel from E to F satisfying F + 
E <Z E. Iterating this relation yields nF + E C E for all n € N. Since 
sup^.g^ ^u^x < oo, it follows that ^u^ z < for z G F. Hence / given by 



f{x) = u^b{x) + lu~^c{x)u + / (e" ^ - 1 - u^z)K{x, dz) 
is well-defined and by Ito's formula 

exp(u^Xi) - / exp{u^Xs)f{Xs)ds 
Jo 

is a local martingale. Therefore, there exists a sequence of stopping times 
T„ t CO such that 

rtATn 
E^ eKp{u^ XtAT„) = exp(u^x) + E^. / eyip{u^ Xs)f{Xs)ds. 

Jo 

Note that | exp{u^ Xs)f{Xs)\ < C(l + supg<t \Xs\) for some C > 0. In view 
of Lemma A. 2, we can apply the Dominated Convergence Theorem as well 
as Fubini's Theorem to derive that 

(5.2) E^exp{u^Xt) = expiu^ x) + / E^{exp{u^ Xs)f{Xs))ds. 

Jo 

By the same lemma together with the Dominated Convergence Theorem we 
get that s I—)- Ex{exp{u^ Xs)f{Xs)) is continuous, as Xg is right-continuous 
and quasi left-continuous. The Fundamental Theorem of Calculus yields that 
t >-^ Ex exp{u Xt) is continuously differentiable for all x (z E, which implies 
that ^0 and ipi are continuously differentiable in t. Define V'o by 



^o(t)= ri^d., t<T. 

Jo ^o(s) 



Then V'o is also continuously differentiable and ^o(^) = exp('(/'o(i)) (indeed, 
the quotient of the left- and right-hand side has derivative and equality 
holds for t = 0, whence it holds for all t). Necessarily (ipQ,^) has to satisfy 
the generalized Riccati equations (3.3), in view of (3.6). 

To show the second assertion we note that by (5.2) and the previous we 
have 



d 



E,(exp(u ' Xt)f{Xt)) = —E, exp(n ' X, 



{■ipo{t,u) + 'ip{t,u) x)exp{'ipo{t,u) + 'ip{t,u) x). 
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So X I— > Ex{e^p{u Xf) f [Xt)) is continuous for t < T. By Lemma A. 2 and 
the Dominated Convergence Theorem we see that 

i-T 
X I-)- / Ex{ex.p{u Xs)f{Xs))ds is continuous, 
Jo 

whence x i— )• E^; exp(n X-p) is continuous. D 

To extend the vaUdity of the affine transform formula from real to complex 
exponentials, we use the analyticity of the characteristic function and the 
solutions to the Riccati equations. This is demonstrated in the next lemma, 
which we apply in Proposition 5.3 below to derive the desired assertion. 

Lemma 5.2. Consider the situation of Theorem 3.7. For t > 0, if U C 
S{M{t)) n Dcit) is connected and €U, then (3.2) holds for all u eU. 

Proof. By Proposition 4.4 equality (3.2) holds for u G M{t). The left- 
hand side of (3.2) as a function of u is analytic on S{M{t)) and the right-hand 
side is analytic on Dc{t), see Proposition 3.6 (ii) and (iii). By assumption 
and the fact that S{M(t)) n Dc(t) is an open neighborhood of (since 
M{t) = Z)]R(t) by Proposition 4.4 and Dc{t) is an open neighborhood of 
by Proposition 3.6 (ii)), there exists an open domain B C S{M(t)) n D£,{t) 
containing the connected set U U M(t) (as M{t) is convex). It holds that 
M{t), being an open set in M^, is a set of uniqueness for B, whence we can 
extend the equality in (3.2) to u & B, in particular to u G U. D 

Proposition 5.3. Consider the situation of Theorem 3.7 and let Tq > 
be arbitrary. Then S{D^{Tq)) C Dc{Tq) and the affine transform formula 
(3.2) holds for all u € S{D^(Tq)), t = Tq. 

Proof. In view of Lemma 5.2 it suffices to show S{M{Tq)) C Dc{To). 
We argue by contradiction. Suppose there exists u* € S{M{Tq)) n Dc^TqY. 
We divide the proof into a couple of steps. In the following we write [0, u] 
for the line segment in C^ with endpoints and u. For a function / we write 
f([0,t]) for the path s i-^ /(s), s € [0,t]. Furthermore, throughout we use 
that (3.2) holds for u € M{t), which follows from Proposition 4.4. 

Step 1. There exists uq € [0, n*] such that 

[0,uo] C S{M{t)) n Dc{t), for t < T := toc(no), 

[0,uo)cS{MiT))nDciT). 
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We prove this as follows. Since S{M{Tq)) is convex, the line from [0, u*] is 
contained in S{M{Tq)). Define 

Ao = inf{A>0:Au*^Z)c(To)}. 

Then < Aq < 1, since D£,{Tq) is an open neighborhood of 0, by Proposi- 
tion 3.6 (ii). Moreover, Xu* G Dc{To) for A < Aq and Aqm* ^c(7o)- Take 
uo = Aqm*, T = ioo(wo)- Note that T < Tq, so Dc{To) C Dc{T). Then by the 
previous we have [0, uq) C Dc{Tq) C DiciT) C D£{t), for t <T. Moreover, 
uq € Dc{t) for t < T = ioo(^to)- This yields the assertion. 

Step 2. For all open B C E° there exists x ^ B such that Ej; exp(u,]^Xr) = 
0. To see this, first note that Kuq G M(r) C M{t) for i < T and that (3.2) 
holds for u = Kmq- Therefore, 

Ex expCSiuQXt) = ex.p{'ipo{t, Kuq) + ipit, ^uq) x) 

-^ exp{iljo{T, ^uq) + i/^iT, 3?no) x) = E^: exp(3?no-^T) < oo, 

for t ^ T, X & E. By quasi-left continuity we have Xt -^ Xt, Pa;-a.s. Since 
|exp(n(|Xt)| is bounded by exp{^uoXt) (indeed it is equal), an extended 
version of the Dominated Convergence Theorem [17, Theorem 1.21] yields 

limE^exp('u^Xi) = E^; exp(M([Xr), 

for all X (z E. In particular 

limexp(^o(^)'Uo) +4'{t,uo) x) exists and is finite, for all x & E. 

Since T = too('Uo); we have limt^T |^(t, no)| = oo, by Proposition 3.6 (i). It 
follows that for all open balls B d E° there exists x a B such that 

Exexp{uQXT) = 0, 

as otherwise limj-|-r(^o(i)'"o) + '4^{t,uo)~^x) would be finite on some ball B, 
which would give a finite limit for 'ilj{t,UQ), a contradiction. 
Step 5. Fix < e < T. There exists <5 <T-e such that 

(5.3) 'iP{[0,e + 5],uo)cSiM{T-e)). 

The proof is as follows. Step 1 together with Lemma 5.2 implies that (3.2) 
holds for u = Uq and t < T. Hence by Jensen's inequality and the Markov 
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property we have for t < e, x G E that 

E^exp(JRipo{t,uo) + 'Siip(t,uo)XT-e) = E^| exp(V'o(i,«o) + tp{t,uo)^ Xt-£)\ 

= E^|Exj,_, exp(tiJXt)| 
< E^Ext_, exp(SRn([Xt) 
= E^ exp(JRuQXT~e+t)- 

Since Kuq € M(T) C M{T - e) it follows that for t < e, x G £■ we have 



E^exp{'!R7p{t,uo)XT-£) < exp{-^ipo(t,uo))Ex expiJRuQ XT-e+t) 

= exp(-3?Vo(i, "Wo) + i^o{T - e + t, 'Siuo) 

+ 'il){T-e + t,'Siuo)^x). 

Fatou's Lemma yields 

Exexp{^'ip{e,uo)XT^e) < liminf E^ exp(5R7/;(t,no)XT_e) 

< exp(-KVo(e, uo) + MT, ^uo) + ipiT, ^fiuo^ x) 

< oo, 

for all xG^;. Hence ^^([0,6], no) C SiM{T-e)). Since S (M {T - e)) is open 
and t I— 7- ipltjUo) is continuous on [0,T), the result follows. 

Step 4- It holds that x i-^ E^ exp(nQ Xj-) is not continuous. To show 
this, we argue by contradiction and assume it is continuous. Then we have 
Exexp^u^XT) = for all x € -E, by Step 2 and the fact that E = E° . The 
Markov property gives 

= E^exp(ii([Xr) 
(5.4) = E^Ex^_^ exp(uTXi) 

= Ex exp(^o(i) no) + '4>{t, no) Xr-t), for all < i < T, x G £', 

so E^ exp(V'(t, no)'^XT_t) = for ah < t < T, x G ^. Fix < e < T and 
write V = ip{£,uo) and s = T — e. By the semi-group property of the flow 
we have ip{t, v) = ilj{t + e, uq) for t < s, whence the previous yields 

Exexp{^p{t,vyXs-t) = 0, for aU < t < s, x G £;. 

Let 5 be as in Step 3. Then Exex.p[ip(t,v) Xg) is well-defined for t < 5, 
x (z E. Applying the Markov property yields 

E^exp(^(t,n)^X^) = ExExt exp{7p{t,vy Xs-t) = 0, aU < t < (5, x G -E, 
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Plugging back v = ip{£, uq) and s = T — e and using the semi-group property 
of the flow, we see that 

(5.5) Ea: exp(V'(t + e, uo)^XT-e) = 0, for all < t < 6, x e E. 

Now fix X G S. It holds that u i-^ E^; exp(u X^-^) and t i— > ijj{t,uo) are 
analytic on S{M{T — e)) respectively [0,r), see Proposition 3.6 (ii) and 
(iii). Step 3 yields (5.3). Therefore, there exists an open domain B d <CP 
with [0,e + 5] C B such that iIj{z,uo) G S{M{T - e)) for z ^ B. The 
composition of analytic functions is analytic, whence 

Z i-> E^exp('0(2:,no)'^XT-e) 

is analytic on B. Equation (5.5) yields it is zero on [e,e + (5], whence it is zero 
on the whole of 5, as [e, £ + 5\ is a set of uniqueness for B. In particular it is 
zero for z = 0, i.e. E^^ exp(n([XT_£) = 0. However, by Step 1 and Lemma 5.2 
we have 

E^ exp(u([XT-e) = exp(V'o(r - e, uq) + 'il){T - e, uq)^ x) / 0, 

a contradiction. 

Step 5. It holds that iR^ C Dc{T) and the affine transform formula (3.2) 
holds for u G iM^, t = T. Indeed, if u* G iR^, then also uq G iR^, as 
Uq G [0,u]. Step 1 together with Lemma 5.2 yields (3.2) for u = uq, t <T. 
However, Lemma 5.1 then gives that x i-> Ex{ex.p{uQ X^)) is continuous, 
which contradicts Step 2. Hence iR^ C Dc{T). By Lemma 5.2 again we get 
vahdity of (3.2) for u G iR^, t = T. 

Step 6. We conclude the proof by showing that x i-)- E^,. ex.p{u^ Xt) is 
continuous for all u G S{M{T)), which contradicts Step 2. Let Xn -^ x, 
some Xn,x G E. By Step 5 we have for all u G iR^ that 

E^„ exp{uXT) = exp{Tpo(T, u) + V(r, u)^ Xn) 

-> exp(V'o(r, u) + ipiT, u)^x) = Ej. expiuXr), 

as 77. — >■ oo. Hence Fx„ oX^ — )• F^oX^^ weakly. By Skorohod's Representa- 
tion Theorem [17, Theorem 4.30] there exist random variables Yn, Y defined 
on a common probability space ($7, J-", P) such that P o 1^^ = P^^ o X^ , 
Poy-i = P^ oXy^ and Yn -^ Y, P-a.s. Now let u G S{M{T)) be arbitrary. 
It holds that |exp(u 1^)1 = ex.p(JRu Yn) and 

exp{^u^Yn)dP = exp(V'o(r, ^u) + V'(T, 3f?u)^3;„) 

^ exp(^o(T, ^u) + V(T, Ku)^^) = / exp{^u^Y)dP, 
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for n — > oo, since 3?u G M{T). An extended version of the Dominated 
Convergence Theorem [17, Theorem 1.21] yields 

E^„exp(nTXT) = f exp{u^Yn)dP 

-^ /exp(u'^y)dP = E^exp(ii'^Xr), 

for n — >■ cx), whence x i— >■ E^eyipiu Xj-) is continuous. D 

6. Additional results for bounded exponentials. In this section 
we relax condition (3.7) of Theorem 3.7 on the exponential moments of 
the K^ and consider the validity of the afiine transform formula when the 
left-hand side of (3.2) is uniformly bounded in t and x (which includes the 
characteristic function). The following theorem is the third main result of 
this paper. 

Theorem 6.1. Suppose E CM^ is closed convex with non-empty interior 
and let X be an affine jump- diffusion on {De{0,oo],T , (/"^),P) with dif- 
ferential characteristics {b{X),c{X),K{X,dz)) given by (3.1). Assume (5.1) 
and write U = {u ^£P : sup^g^; '^u^ x < oo}. Then for allu G U there exists 
a too{u) G (0, oo] and a solution {ipo{-,u),7p{-,u)) : [O,too{u)) — > C x C to 
the system of generalized Riccati equations given by (3. 3) and for all x a E 
it holds that 

-p (exp{ipo{t,u)+i>{t,uyx), te[0,too{u)) 

E^ exp(n Xt) = < r / ^ x 

[0, t G [too[U),0O) 

Proof. For n e N define 
6'"(x) = b{x) + / z(e~^l^l' - l)K{x, dz), E:"(x, dz) = e-^l^l'i^(x, dz), 

and the operator ^" : C^{E) -^ Cq{E) by 

A^f{x) = V/(x)6"(x) + itr {V^f{x)c{x)) 

+ jifix + z)- fix) - Vf{x)z)K^{x, dz). 

Then the affine martingale problem for A!^ is well-posed by Proposition 3.4. 
Let Q" be the solution for {A^,5x) and write E" for the expectation with 
respect to Q". Since ivT" satisfies (3.7), Theorem 3.7 yields 

E^exp(n"^A:i) = exp(V'o (i, w) + V'"(t, u)^x). 
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for all u G [/, X G -E, t > 0, where (^qj^"") satisfies (3.3) with b and K 
replaced by 6" and X". Fix x G E arbitrarily and let (2.5) be the decompo- 
sition of X under F^. By Proposition 3.4 it holds that Q"|j-x = Lf ■ P^|_^x 
for all t > 0, where 

L" = f ((e-^l^l' - 1) * (/i^ - u^)) = exp((l - e-^'^'') * u^ - ijzp * ^f ). 

For all n G [/ there is a constant C > such that | exp(n^Xt)L"| < CL". 
Since 'ExLf = 1 for all n and lini„_^oo -^" = l, an extended version of the 
Dominated Convergence Theorem [17, Theorem 1.21] yields 

lim E"exp(n^Xt) = lim E^; exp(u^Xi)L" = Ea;exp(u^Xt), 

n— >oo n— ^oo 

for all t > 0, n E U. Since x G E was taken arbitrarily, this yields 
Ea.exp(u^Xt) = lim Q-yi-p{tpn{t,u) + ilj'^{t,u)^ x), 

n— >oo 

for aU u G f/, X € £;, t > 0. If E^ exp(nTXt) / for ah u G [/, x G £;, t > 0, 
then lim„_>.oo ■i/'Q (t,n) and lim„_>.oo ^"(t,ti) exist and are finite for all t > 0, 
ti G [/, and the result follows from Lemma 5.1. 

Suppose ¥jxq exp(ti^XT) = for some u G f7, T > 0, xq G i?. We first show 
that then E^exp(i(^XT) = for all x G E° . If limsup„^oo |5RV"(r,n)| < 
oo, then necessarily limsup„_^cx3 '^'4^o{T,u) = — oo and the assertion follows 
immediately. Otherwise, there exists a subsequence of V'" (also denoted by 
'0"') and an 2 G {1, . . . ,p} such that 

lim 3fi:C(2',u) = ±oo. 

n— >cxD 

Then if there exists x G -E° such that 

liminf(KVo(2',u) + 3f?^"(r,u)^x) > -oo, 

n— >oo 

then y with y^ = Xj for j 7^ i and yi = Xiziz e for some small e > satisfies 
liminf(KV'?^(r,n) + KV"(r,n)"^y) = 00. 

n— >oo 

This is impossible, since Ey exp(n'''X7^) is finite. 

Thus Ej; exp(n Xt) = for all x G -E°. Let too('u) be given by 

too{u) = inf{t > : E^^ exp(n Xt) = for some x G E}. 

Then too(^) > 0. Indeed, otherwise for all t > there exists x G £" and 
s < t such that Ea;exp(n^Xs) = 0. But then for all t > there exists 
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s < t such that Fixex.p{u Xg) = for all x £ E° , in view of the previous. 
Right-continuity of t \-^ Xt in yields exp(u^x) = for all x £ E°, which 
is absurd. 

Note that E^^ exp(ii'''Xj^(„)) = for all x € -E°, as X is right-continuous. 
For t < too{u) we have existence of finite limits for ipQ{t,u) and ip'^{t,u). 
Lemma 5.1 yields (3.2) where (ipQ,^) are solutions to the generalized Riccati 
equations for t < too{u). In addition it implies that x ^ Ex exp(u^X(^(u)) is 
continuous, whence we have E2^exp(n Xj^(„)) = for all x £ E. Applying 
the Markov property we see that for t > too{u) it holds that 

Exe^p{u^Xt) = E^Ext_t^(„) exp(u^Xt^(„)) = 0, 

which concludes the proof. D 

Under analyticity of the Riccati functions Ri, we can sharpen the assertion 
in Theorem 6.1. 

Theorem 6.2. Consider the situation of Theorem 6.1. Assume there 
exists an open domain B D U such that 

I e''^^\K\\dz) < oo, for alike B nW,i = 0, . . . ,p. 

J{\z\>l} 

Then too{u) = oo and (3.2) holds for all u e U, t > 0. In particular, X is a 
regular affine process. 

Proof. We argue as in Proposition 5.3, Step 4. Let uq £ U and suppose 
T := too{uo) < oo. For t < T, u = uq we have (3.2), which implies that 
ipit, uq) G U, as Ex exp{uQ Xt) is bounded in x. Similar as in (5.4) we deduce 
that E^ exp(V'(t, uo^ Xr-t) = for all < t < T, x € S. Fix < e < T and 
write V = ip{e, uq) and s = T — e. We have ^p{t, v) G U, so Ex exp(-(/'(t, v)Xs) 
is well-defined for t < s, x € E. By the same argument as in Step 4 of 
Proposition 5.3, we get (5.5), with 6 < T — e. Since ipi^t, uq) G [/ C -B for all 
t < T and Ri given by (3.4) is analytic on B, it follows by standard ODE 
results (e.g. [7, Theorem 10.4.5]) that t H> ^(t, uq) is analytic on [0,T). 
Moreover, for all u G -B there exists a solution (-^Oi^) to (3.3) on a non- 
empty interval [0,^00(1*)) with 

too{u) = lim inf{t > : ip{t,u) G dB or \Tp{t,u)\ > n}, 

n— >oo 

and 

D{t) = {ueB :t< tooiu)} 
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is an open set containing [/, for all t > 0, see [1, Theorems 7.6 and 8.3]. 
Theorem 3.5 implies that (3.2) holds for u E D{t) n W for all t > 0. By 
Proposition 3.6 (iii) we obtain that u i— > Ej, exp(u^Xt) is analytic on U for 
X € E, for all i > 0. It follows that E^; exp('0(t,uo)^X7^_e) is analytic in t. 
Since it is zero on [e,e + S], it is zero everywhere, in particular it is zero at 
t = 0. This contradicts the fact that T — e < too(^o)- D 

6.1. Infinite divisibility. As a corollary of Theorem 6.1 we obtain a suf- 
ficient criterium for infinite divisibility of an affine jump-diffusion with a 
general closed convex state space. 

Theorem 6.3. Consider the situation of Theorem 6.1. Suppose for all 
n G'N it holds that 

(6.1) {a\nA\^K'{^dz))o<i<p 

is an admissible parameter set. Then P^ o Xf is infinitely divisible for all 
t >0, X € E. Consequently, too(^) = oo and (3.2) holds for allu (z U, t > 0. 

Proof. Let {ipo,ip) be the solution to the Riccati equations as given in 
Theorem 6.1. Define ip^ = -ipi, for i = 0, . . . ,p. Then {'ipQ,ip"') solve the 
system of Riccati equations corresponding to an afhne jump-diffusion with 
parameter set (6.1). Let P" be the solution of the associated afhne martingale 
problem with initial condition 6x and write E" for the expectation with 
respect to this probability measure. From Theorem 6.1 it follows that 

(E^exp(nXi))i/" = E^exp(uXi), 

for all X G E, u G U. In particular it holds for u G iM^, which yields the 
result. D 

6.2. Self-dual cone. We can strengthen the conditions of Theorem 6.2 in 
case E is a self-dual cone. Recall that £■ is a self-dual cone with respect to 
an inner product (•, •) if 

E = {x GRP : {x,y)>0 for aU y € E}. 

In that case we also have 

E° = {xgW : {x, y) >0 for all y € ^\{0}}. 

For x,y gM.^ we write x^yify — xGE and x < y \i y — x G E° . An inner 
product on W can always be written as (x, y) = x^ My for some positive 
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definite matrix M. By applying tlie linear transformation x i— > M^''^x on the 
state space E, we may assume without loss of generality that the underlying 
inner product is the usual Euclidean inner product and we write x y instead 
of {x,y). 

Part of the following proposition extends [20, Proposition 3.4] and [4, 
Lemma 3.3] from the state spaces M^ and S^ to general self-dual cones. 
We adapt their proofs slightly by using the analyticity of t i— t- 'tpi{t,u) in a 
neighborhood of for u € —E°, which is a consequence of Theorem 6.1. 

Proposition 6.4. Consider the situation of Theorem 6.1. Assume the 
state space E is a self-dual cone and in addition assume E° <Z {x ^W : 
$(x) > 0} and dE C {x G M^ : ^{x) = 0}, for some analytic function 
$ : RP ^ R. Then forU = -E + \W it holds that 

1. ipQ{t,u) < 'ipQ{t,v) and 'ip{t,u) :< ip{t,v) for u < v with u,v a $RC/, 
t >0; 

2. i:{t,u) e ^U° for all u G WJ° , t > 0; 

3. tooiu) = oo for ueU° and ^(t, u) G U° for all u e U° , t > 0; 

Remark 6.5. Examples of such state spaces are R^, vech(S'^) (with 
inner product {x,y) = tr (vech~^(x)vech~^(y))) and the Lorentz cone {x G 
R'' : xi > (X]f=2'^?)^ }• "^^^ analytic function ^{x) can be chosen to 
be respectively $(x) = 11^=1 ^i) ^(x) = det(vech~^(x)) and <l>(x) = xf — 

Proof. If u ^ v with u,v G KC/, then u x < v x for all x £ E. Hence 

Ea;exp(n'^Xt) < Exexp{v^Xt), for all x e E, t> 0. 

Since the affine transform formula is valid for u G Kf7 by Theorem 6.1, it 
follows that 

^lJoit, u) + ^(t, u^x < ijjoit, v) + 'ip{t, v)'^x, for all x G £', t > 0. 

Taking x = nxo with xq G £'\{0}, n G N and letting n tend to infinity, we 
obtain the first assertion. 

We prove the second assertion from an argument by contradiction. Sup- 
pose no G 5R[/° and suppose 

t := inf{s > : V(s,Wo) KC/°} < oo. 

Then 'il^{t,uo) G dE, so ^(t, no)^xo = for some xq G E. If uq ^ v, then 
fp{t,uo) :< tpitjv) by the first assertion and since tpitjv) G —E we have 
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Tpit, uq)^ X < -ip^t, v)^ X < for all x ^ E. Hence ilj{t, v)'^ xq = and ip{t, v) G 
dE. Thus we have 

^{ip{t,v)) = 0, for all V >z uq. 

It holds that {v € 5ftC/° : v >z uq} is a set of uniqueness. Moreover, u i-^ 
Ea; exp(n'^Xj) is analytic on U° for all x £ E,hy Proposition 3.6 (iii). This 
implies that u i— >■ %l){t,u) is analytic on KC/°. It follows that 

$(^(t,n)) =0, for ah u G JftC/. 

In particular (take u = iP{s,uq)) we have 

$(V'(i + s, Uq) = ^{tpit, iij{s, Uq))) = 0, for ah s > 0. 

Let e > be such that ip{s,u) E ^U° for —e<s<e. Then s i->- ip{s,u) 
is analytic on (— e,e) in view of (3.3) and the analyticity of (3.4). Hence 
s I— 7- $(^(t + s, u)) is analytic on {—£, e) and it follows that it is zero on this 
interval, as it is zero on [0,e). This contradicts ^l^{s,UQ) € KC/° for s <t. 
For the third assertion, let u E U°. Then 

exp(KVo(i,'") + '!Rip{t,u)^x) = |E^(exp(n^Xt))[ 

< E,(exp(KuTXt) 
= exp{il;o{t,^u) + ■ip{t,^u) x), 

for all X £ E, t < t^oiu). Take xq G £'\{0} and x = uxq for n G N and let n 
tend to infinity. Then the right-hand side of the above display tends to zero, 
which implies 9?^(t,n)^x < for all x G -E\{0}, i.e. ip{t,u) G U° . The proof 
of too('u) = oo goes along the same lines as the proof of Theorem 6.2. D 

Corollary 6.6. Consider the situation of Proposition 6.4- Write K 
for the vector of signed measures K^ , i = l,...,p, let Lu = {z G E : 
u^ z 7^ 2/c7r, for all k € Z,} and assume K{Lu) >- for all u G W. Then 
too{iu) = cxD for all u G M^, whence X is a regular affine process in the sense 
of Definition 3. 1 . 

Proof. For u = there is nothing to prove. Let u G M*^\{0} be arbi- 
trary. It suffices to prove ■(/'(O, iu) G U° . Indeed, by continuity we then have 
■0(t, iw) G f7° for t > small enough. Hence ■0(^5 ii^) = i'W+/o ^(s, lu)ds G U° 
for i > small enough. The result then follows from Proposition 6.4. 

We first show that c{x) — A9 is positive semi-definite and K{d.z) x is a 
positive measure, for all x £ E. Since E' is a cone we have nx G E, for all 
n G N, X G -E. We can write 



A^ + n{c{x) - A°), K{nx, dz) = K^idz) + nK{dz) 
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Since c{x) is positive semi-definite and K(x,dz) is a positive measure for all 
X £ E, we have the same properties for c{x) — A^ respectively K{dz)^ x, in 
view of the above display. 

Next we note that f{cos{u^z) — l)K{dz) -< 0. Indeed, by the assumption 
K{Lu) >- and the fact that f{z) := cos(n^z) — 1 < for z € L^ we have 

/ f{z)K{dz)'^x = I f{z)K{dz)'^x + / f{z)K{dz)'^x < 0, 

J J E\Lu ^ Lu 

for X G ^\{0}. 

Now let X G -E\{0} be arbitrary. Then the previous together with (3.4) 
yields 



3fJ^(0, in) ' X = -in ' (c(x) - A')u + / (cos(n ' z) - l)K{dz) ' x < 0, 

whence 3?^(0, in)^ -< 0, as we needed to show. D 

APPENDIX A 

Proof of Remark 2.2 part 2. Let fk be a sequence in C~ with < 
fk^^ and /fc = 1 on the ball with center and radius k. We define 

C = {fe C^{E) : fix) = cos{u^x)fk{x) or 

f{x) = sin(n x)fk{x), for some n G Q, /c G N}. 

Then P is a solution of the martingale problem for ^ on fi if and only if 



fiXt) - fiXo) - [ Af{X,)ds 
Jo 



is an ((/'/'- ),P)-martingale for all f ^ C. Indeed, suppose the latter holds, 
then following the proof of [3, Proposition 3.2] we deduce that 

f{Xt)-fiXo)- I Vf{Xs)b{Xs) + ltriW^f{Xs)c{Xs)) 
(A.l) -^0 

+ jifiXs + z)- f{Xs) - Vf{Xs)z)KiXs, dz)ds 

is an ((J-'^^),P)-local martingale for f{x) = e™ ^, for all n G Q^, whence for 
all n G M^ by dominated convergence. [16, Theorem II. 2. 42] yields that P is 
a solution of the martingale problem for A on Q. 

Applying [11, Theorem 4.4.6] to the operator A\(2 gives that x H^ ¥x{B) 
is measurable for all Borel sets B, i.e. {¥x)x£E is a transition kernel. We 



THE AFFINE TRANSFORM FORMULA 35 

note that although we don't have weU-posedness for all initial values in the 
sense of [11, Theorem 4.4.6], the assertion in that theorem still holds under 
the weaker assumption of well-posedness for degenerate initial distributions. 
This is a consequence of the fact that the set {P G 'P(-E) : P is degenerate} 
is measurable with respect to the Borel cj-algebra induced by the Prohorov 
metric (in fact, it is even a closed set). 

Following the last part of the proof of [17, Theorem 21.10] we see that 
Fx := jFx\{dx) is the unique solution for [A, A). The strong Markov prop- 
erty is a consequence of [11, Theorem 4.4.2(c)]. D 

Lemma A.l. Let A and A be given by (2.3) and (2.8) and assume (2.1), 
(2.2),J2.6) and (2.7). Then for all f G C^{E) it holds that Af G B{E) 
andAfeCo{E). 

Proof. Take / G C^{E) with f{x) = for \x\ > M, some M > 0. Then 
for bl > M + 1 it holds that 



\Af{x)\ = \l f{x + z)K{x,dz) 



<ll/lloo / \z\y{\x\-MyK{x,dz) 

J{\z\>\x\-M} 

<\\f\\ooC{i + \x\)y{\x\-My, 

which is bounded for x > M + 1. Hence Af G B{E) and likewise one can 
show that Af{x) ^- if |x| -^ oo. It remains to show that Af is continuous. 
Write g{x) = f{x + z) — f{x) — V f{x)z and 



g{x)K{x,dz) - / g{y)K{y,dz) = / {g{x) ~ g{y))K{x,dz) 

+ fg{y)iK{x,dz)-K{y,dz)). 



The integrand of the first term on the right-hand side equals (where fijk is 
short-hand notation for didjdkf) 



»1 rl rl 



y2 fijk{{l-u)y + ux + stz){xi-yi)stZjZkdudsdtl{\z\<i} 

, . , Jo Jo Jo 



+ Y.I I {k{{'^-t)v + tx + sz) 



,„, ^0 ^0 



/ij((l -t)y + tx)){xi -yj)sizjdsdtl{|^|>i}. 
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whence its integral tends to zero for x — > y since /(I^P A |2;|)-fC(-,dz) is 
bounded on compacta. The integrand in the second term on the right-hand 
side can be bounded by a constant times jzp A |2:|, whence the integral tends 
to zero by weak continuity of re i— >■ {\z\'^ A \z\)K{x,dz). It now easily follows 
that Af is continuous. D 

Lemma A. 2. Let Q = De[0,oo) and suppose X is a special jump- 
diffusion on {Q,T^ , (J-'^),P) with decomposition (2.5) and differential char- 
acteristics (5(X)ljo,T-])C(X)l[o,r]) -f^(-'^)dz)l[Q,-]) for some {T^)-stopping time 
T. Assume E|Xo|^ < oo and 

(A.2) 

|6(x)p + \c{x)\ + / \z\^K{x,dz) < C(l + |xp), for some C > 0, all x £ E. 

Then for all T > it holds that 

Esup \Xt\^ < (4E|Xop + C(r))e^(^)^, 

t<T 

with C{T) a constant depending on C and T. In addition, X'^ and z * {^i^ — 
V ) are proper martingales. 

Proof. Define stopping times T^ = inf{t > : [X^ > n or \Xt-\ > n}. 
It holds that 



and 



{X^)J- 



{z * (/.^ - ^^)); 



tAT„ 



c(.Xs)l[o,T]{s)ds 



tATn 



f\z\^K{Xs,dz)l[o^r]is)ds 



have finite expectation, as they are bounded. This yields that both [X'^)'^" 



and z * [fi 



X 



.X\T„ 



are martingales, by [16, Proposition 1.4.50]. For t > 



write \\X\\t = supg<( l^sl and let T > be fixed. Then it holds that 



\X^"\\t< l^ol +sup 



t<T 



b{Xs)l[o,TAT„]is)ds 



+ sup \X^;,T„ 
t<T 



+ SUp|zl[o,T„] *(^ -I' )t\ ■ 
t<T 



Cauchy-Schwarz gives 



sup 

t<T 



^(^s)l[0,rAT„](s)ds 



<T \b{Xs)\Hy^,rATS''^)ds 

Jo 

<CT [ (l + ||X^"||2)ds. 
Jo 
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Doob's inequality gives 

Esup|Xf^rj2 < 4E(X^^^J2 < 4E /" c(X,)l[o,.AT.]d5 

t<T Jo 

<4:C [ (l + E||X^"||2)ds 
and 

/.TArAT„ r 

Esup|zl[o,T„]*(/i^-'^^)t| <4E/ \z\^iy^{ds,dz) 

t<T Jo J 

<iC [ (l + E||X^"||2)ds, 
Jo 

It follows that for t <T we have 

E||X^"||2 <4|Xop + C7'(r)(l+ / E||X^"||2ds), 

with C'{T) a constant depending on C and T. Since 

E||X^"||^ < E|Xop + n2 + E|AXtat„P 

<E\Xo\^ + n^ + E \zffi^{dt,dz) 

fTAT„ n 

= E|Xop + n^ + E / \zfu^{dt, dz) 

rTATn 
<E\Xo\^ + n^ + CE {l + \Xs\^)ds<oo, 

Jo 

Grownwall's lemma yields 

E|jX^"||^ < (4E|Xop + C(T))e^(^)^. 

for some constant C{T) depending on C and T. Let n -^ oo, then the 
left-hand side converges by the Monotone Convergence Theorem to E||X|j^, 
which is bounded by the right-hand side. This yields the first assertion of 
the lemma. The second assertion is an immediate consequence in view of 
[16, Proposition 1.4.50], since 

{X')t = / c{Xs)ds and {z * (//^ - i^^))t = / / \z\^KiXs,dz)ds 
Jo Jo J 

have finite expectation due to the growth-condition (A. 2) and the derived 
moment inequality for |^tp. D 
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